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Abstract

We study a Langevin-like model which describes an inertial particle in a
onedimensional harmonic potential and subjected to two heat baths and
one athermal environment. The thermal noises are white and Gaussian,
and the temperatures of heat reservoirs are different. The athermal
medium act through an external non-Gaussian noise of Poisson type. We
calculate exactly the time dependent cumulant-generating function of
position and velocity of the particle, as well as an expression of this
generating function for stationary states. We discuss the long-time
behavior of first cumulants of the energy injected by the athermal reservoir
and the heat exchanged with thermal baths. In particular, we find that the
covariance of stochastic heat due to distinct thermal reservoirs exhibits a
complex dependence on properties of athermal noise.
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Outline

What are Brownian Gyrators (BGs)?

Memory function & torque in BGs due to memory

Two internal reservoirs & an external Poisson noise source

Manipulating Work and Heat statistics via external Poisson noise

Inverting heat flow from reservoirs via external Poisson noise

Conclusions
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What are Brownian Gyrators?

Small 2D Brownian engine system

A single particle, gyrating around a generic potential energy minimum
under the influence of friction and thermal noise forces from two
simultaneously acting heat baths (RF & PR, PRL 99).
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Types of Brownian Gyrators
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What are Brownian Gyrators?
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What are Brownian Gyrators?
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What are Brownian Gyrators?
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Memory function

Brownian particles in a fluid medium may generate slow
hydrodynamic modes that correlate dissipation at time t with its
velocity at time t ′ < t.

The action of such modes is represented by a memory function
M(t − t ′) ∝ ⟨η(t ′) η(t)⟩ .
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Memory time-scale τ

A typical memory function exhibits a time scale τ

M(t − t ′) =
⟨η(t ′) η(t)⟩

kBT
=

γ

τ
e−

|t−t′|
τ .

For Hamiltonian systems, the memory function is proportional to the
(internal) noise-correlation.
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Equations of motion

Langevin-like equations

γẋi +

∫ t

0
ds K (t − s) ẋi (s) = −∂iΦ+ fi , (1)

We assume fi as Gaussian colored noises

⟨⟨fi (t)⟩⟩ = 0,

⟨⟨fi (t1) fj(t2)⟩⟩ = Tiδij [2γδ (t1 − t2) + K (t1 − t2)] ,

K (t) =
Γ

τ
exp

(
−|t|

τ

)
,

(2)

where Ti (with kB = 1) is the effective temperature of bath i , Γ is a
friction coefficient, τ is the correlation time-scale, and δij is the
Kronecker delta.
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Brownian Gyrator model

Potential: Φ (x1, x2)

Φ (x) =
∑
ij

xiVijxj , (3)

where x = (x1, x2) and Vij are elements of a symmetric matrix.

The desired stability properties are achieved if one considers matrix
elements Vij which obey the conditions Vii > 0 and V11V22 > V 2

12.

In our case V11 = V22 = k/2,V12 = V21 = k u/2, with u2 < 1.
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Distribution Function

Probability distribution

Ps (x) =
1

Z
exp

(
−1

2
xTM−1x

)
, (4)

where

M =

( 〈〈
x21
〉〉

⟨⟨x1x2⟩⟩
⟨⟨x1x2⟩⟩

〈〈
x22
〉〉 ) , (5)

The cross cumulant reads

⟨⟨x1x2⟩⟩ = −u (T1 + T2)

2k (1− u2)
, (6)

with
ζ = (γ + Γ)2 + kτ

[
2γ + kτ

(
1− u2

)]
. (7)
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Stochastic gyration properties

Due to I → 0 the total torque vanishes:

Ndiss + Nf + N = 0, (8)

Dissipative torque

Ndiss = −
∑
ij

εij xi

[
γẋj +

∫ t

0
ds K (t − s) ẋj (s)

]
, (9)

Harmonic forces torque

N = −
∑
ij

εij xi∂jΦ, (10)

Thermal fluctuation torque

Nf =
∑
ij

εij xi fj , (11)
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Torque due to thermal noise

Average thermal torque

⟨Nf ⟩ =
4Γτuk (T1 − T2)

(2γ + Γ)2 + 4kτ [(2γ + Γ) + kτ (1− u2)]
. (12)

Notice the dependence on friction constant Γ and persistence τ , and
the denominator is positive and non-zero, since u2 < 1. The average
thermal torque (12) is different from zero if one assumes Γ ̸= 0 and
τ ̸= 0. Nevertheless, by taking the Markovian limit, we obtain a null
average thermal torque,

Taking τ → 0 above reobtains the result of [Filliger R and Reimann P
(2007) Phys. Rev. Lett. 99 230602].
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Torque due to harmonic force
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Figure: Average torque ⟨N⟩ as a function of coupling parameter u, for distinct
values of memory time-scale τ . The values of model parameters used are T1 = 5,
T2 = 1, γ = Γ = 1, k = 1. The inset magnifies the graph’s left extremity.
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Second cumulant of N
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Figure: Second cumulant
〈〈
N2

〉〉
as a function of u, for T1 = 5, T2 = 1,

γ = Γ = 1, k = 1, and τ = 1.
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Fourth cumulant

-0.9 -0.6 -0.3 0 0.3 0.6 0.9
u

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

〈〈N 4〉〉

Figure: Fourth cumulant
〈〈
N4

〉〉
as a function of coupling parameter u of

harmonic potential, for T1 = 5, T2 = 1, γ = Γ = 1, k = 1, and τ = 1.
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Stationary energetics

Heat exchanged with reservoir-i

⟨Qi ⟩ =
∫ t+to

t
dt ′ ⟨ẋi ∂iΦ⟩ . (13)

By assuming large values of t, we find

⟨Q1⟩ = h1to , (14)

h1 =
(T1 − T2) ku

2

2γ

{
γ (γ + Γ) + kτ

[
2γ + Γ + kτ

(
1− u2

)]
(γ + Γ)2 + kτ [2γ + Γ + (Γ + kτ) (1− u2)]

}
,

(15)
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Mean heat flux
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Figure: Mean heat flux h1 as a function of temperature difference T1 − T2, for
distinct values of memory time-scale τ . Parameters used: γ = Γ = 1, k = 1, and
u = 0.7.
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External athermal reservoirs & thermal heat baths

We mix an external athermal reservoir with a non-equilibrium mix of
2 heat baths

The athermal force has Poisson statistics
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Dynamics
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Noises: thermal and athermal

The external force F (t) corresponds to unbiased Poisson rate (λ) noise,
where the impulse kicks J follow a chosen Gaussian distribution

p(J) =
e−

J2

2b2

√
2πb2

⇒ C2n = (2n − 1)!!λ b2n.

Welles A. M. Morgado (PUC-Rio) & Eduardo S. Nascimento (UFPI)Energy exchanges in a damped Langevin-like system with two thermal baths and an athermal reservoir INCT-SC CBPF - 8/11/202325 / 35



Average Energy of the Harmonic oscillator
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Higher order cumulants due to the Poisson force
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Stochastic Heat & Work
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Work Statistics for Gaussian
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Work Statistics for Poissonian
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Work Statistics for Poissonian
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Heat Statistics for Poissonian
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Heat Statistics for Poissonian
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Conclusions

We exploited the role of memory & non-standard forces, acting in
simple systems (that may be used to build Brownian machines)

Memory allows for new non-equilibrium torques to act upon Brownian
gyrators

Memory can also be a channel to recover order lost to the thermal
bath

Mixing usual thermal reservoirs, and athermal (work) reservoirs, it is
shown that work statistics can be substantially altered

The presence of a strong athermal force might induce changes of heat
flow in non-equilibrium situations
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