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A bit of history ....

The concept of basic reproduction number (2%) was introduced by
MacDonald in the 1950s,

In 1990, Diekmann and collaborators proposed the next generation
method, setting up a clear mathematical definition of . for
heterogeneous populations, detailed in 2000.

In 2002, van der Driessche & Watmough presented a detailed
procedure to estimate &4 for compartmental models.

In 2004, Fred Brauer highlighted the essential concept of infection
age for generalizing reproduction number for any time t.

In 2006, Wallinga and Lipsitch emphasized the role of the generation
interval distribution g(t) for the effective reproduction number 241).

In 2009, Nishiura and Chowell presented mathematical and
statistical properties of 24t) as well as some applications.

We present a generalization of the procedure based on the next
generation method with the aim of obtaining g(t) and Z4t) for

heterogeneous models based on incidence data.

We also apply it to complex models such as stochastical and
metapopulation ones to investigate different contexts.

Odo Dieckmann
(1948-)

-

Pauline van den
Driessche (1941-)
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Preliminary

« Concepts of reproduction numbers

— Basic reproduction number (2%4) — the number of new cases of an
infection caused by an infected individual in a whole susceptible
population.

— Effective reproduction number (24t)) - time series of reproduction
number for which the infection reaches a partial susceptible population
which changes on time.

* Next-generation method

— Consider the infection process in terms of consecutive generations of
infected individuals analogously to demographic generations
(“epidemiological birth”); regarding the generations: ¢™*t1=K¢™

— The basic reproduction number may be written in terms of spectrum
radius of the matrix K looking at multiplications in m generations but on
per generation when m — oo:

G =p(K) = lim |Km|"m
Mm—>00

10



Basic Reproduction Number (.})

Using method of next generation operator, based on the infective
compartments (Diekmann e Heesterbeek, 2000; Van den Driessche &

Watmough, 2002), for a general model:
&:g;i(X)—Vi(X), i=1,...,n,
dt

AR, is estimated in terms of the sub-model of infective compartments:

Ry=1 = det(FVL — AI) =0

with 5 _ [%(xo)] and ¥ = [61/,. (xo)]

axj ax]'

F' corresponds to a matrix whose elements are the rate at which  infective
individuals in j produce new infections in i, V is a matrix composed by the
transition terms of compartments i and j. The eigenvalues are obtained for
the free-disease equilibrium and 92, corresponds to the largest eigenvalue

of FV-1. h



An stochastic vector-borne model of co-circulation of viruses

-----------------------------------------

%A A A 5 i Parameters of the model
----- <0 201y 1P (12| 24 [2)1 2231, [3] —
Parameters Description
> e
Gips 0 e 34 A Rate of human infection by virus 1(2)
l ................... i 712) Rate of human recovery of disease by virus 1(2)
- e b o7 4 =4 021(12) Cross-infection parameter from virus 1(2) to virus 2(1)
Pa[5]l—=| 2, [6]—| V1 [7]|—> 2 [4] 8102) Rate of vector infection by virus 1(2)
; . ; U Human mortality
My Vector mortality

%(s) = u(l = (5)) — A1(s01) — A,(s50,),

VAL

d
3 (P1@) = hilsvie) — (M + 1))

d
Vector-borne diseases 5(21(2)) = 71(2)(1’1(2)) - 021(12)3/2(1)@1(2)02(1)) = #(21(2)),

« Zika and dengue —
Hirata et al, 2023

d
« DENV-1, 2, 3,4 —-de a(vl(z)) = 610)[{(1 — v; = VY)P1(2)) + (1 — V1 — VY1) — (V1))
Araujo et al. 2023

d
a()’z(l)) = 0621112 4201){Z12) V201)) — (M + Y21))(V2(1))5

12



Basic reproduction number for co-circulation model

For stochastic version of the model:

* Assuming
/RO = max(Rl, Rz), \ (wowp) = (w,|wy)(wy)

with we recover its deterministic
version (Esteva et al. 2003).

A6, L
Ry = [(s|vv,|py) + 612(2z5 |0y X0 |y1)] Since
Mo(1+ 1) - .
Py gy = Pypy,e”1®

Yio = YI(Z)OeAl(z)I

2 2
R2 = \/ Gi+72) [(s|oavs]pa) + 021z [0 (Vg [¥2)] Vio) = Vlﬁz)oeAl(Z)t'

R.2_ 1 (Ay2) + Hy) (A + 1 +7112)
12 =
® Mo+ 112) A= Vi) = Vi) [ = Z12)0 = Zo = Zo1)o(l = 012021))]

(A1) + 1) A1) + 1+ 71(2)
I/sosaﬂv(/‘ + 71(2)) 13

If there is no imune humans at t=0, then R}, =



Effective reproduction number (R(t))

The effective reproduction number, R(t), may be set up through the
concept of infection-age (Nishiura & Chowell, 2009), also based on the
infective compartments.

Let A(t,7) be the rate of new infections at time t caused by an infective
human at time 1 <t ; therefore the number of new infections F(f) and
the reproduction number R(t) are given by:

F(t) = /O T A, 7)F(t — 7)dr, R(t) = /O T At T)dr.

Consider g(t,1) a normalized probability distribution of time interval that
an infectious human take to infect secondary cases (generation interval
distribution); assuming that g depends only on 7, then:

Alt,7) =R(t)g(r).  and 3 F(t)
RO = J g F = ryar




SEIIHURD model: COVID-19 dynamics

~
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A general method for estimation of &7(t)
to heterogeneous populations

Density of infective compartments:  x(t, 7) = (xi(t, 7), ..., xa(t, 7))
such that X(t) = f x(t, 7)dr,

0 0 00
(57+35.)xt D=Vt — % X(f) = F(t) - JO Vi, 7 dr.
x(t, T=0) = F(¢t).

Thus, obtaining the Next-generation Matrix

and the Generation Interval Distribution
— — Matrix:
el T V(t, T aa
( ) ( ' ) R,](f) — / Ajj(t,T)dT
«».\ \mf oV _ JO
0X dw or “
613 (t:7) = ol T)
Q(t) r(r) Jo7 Aij (6, T)dr
l That leads to the renewal equation:
At T) = Q -
A(t,7) = Q(t) (1) Fi(b) :ZRI-J‘(O/ gis (6, 7) F(t — 7)dr
Jo

]

It Fi(t)=ai(t)F (t).where FT(t)=Y" Fi(t) , then RT(t)=a-R: R =zn:73ij(t)-



Steps of the method
To calculate £(t, 7): Qij(t):%fi(t).
]
To calculate I'(¢t, 7) :
d A%

— IfV(t, 1) depends linearly on x(t, 7), ——u(w) = —Z—u(w). with ui(@) = x;(to + 0, 7+ )

— To obtain the eigenvalues A and the eigenvectores v of _g_v.
— To exhibit #(w) = I'(w) u(0), with T(w)=I(t ), ’

To obtain A(, ») = Q@ I o). such that Ji() = JO Ajj(t, 7)Fj(t — 7)dT,
As a consequence: Rj(t) = j: Ai(t, dr. T Ri(t) = ZRij(t)-

At ) G (t 1) - 2 Ri(B)gii(t 7)
it 7) = fgo Ai]j(t, 7dr’ g]( ) > Rii(t)

o0

Ti(H) = Ri(t) JO gt D) Fi(t—ndr, WIth | 7,(t) = 37 75(t)

If fi(t) = ai(t)fT(t), Nith ]_—-T(t) _ Ezn fi(t) then RT(t) — a.ﬁ; gT(t, T) _ 21;:1(:31_35%)53(7)

17




An example for sequential progression: SEIR model

ds BS

—_—=—— F(t) =

dt N [I+EE]’ (®)

dE 8BS

G = [ +eB] = nE,

dl .

_ — J— € t)

i~ "EL vien=(  ED ),
vii(t,7) — Kie(t,T)

i®__,

a0

s BS —KT 0 S
A(t’T) = [6(1)\7 ‘8,:| l’y—%[ef'ﬂ _e—’)"r] e—’)"r] . — R(t) - BN

Since Fi(t)=FT(t).then a=(1,0)

ee R+ ,Y_Ln[e—’” —e 7]
e/k+1/7y —
912(7) = Go(1) =&~ 77 ; 921(7) = g22 (1) =0

911(7) = g1(7) =




SEIIHURD model
(SEIIR model with € = 0)

g (24652 1/y, 1/v
0 0 0

0 0 0

» OO

FI(t) = RT(t)/ gt (t, ) Fr(t — 1)dr

0

= e (Lol ), Whereby F7(t) = > _ Fi(t). For the model, we get:

dE BS % 38 I + 01, Tii — S@)rp | da(l—p)

= = N( +61,) — KE, ]—‘(t)—T< 8 R (1) N(%+ e )

dl,

o PKE — 51, f y - . _%gs( )+ J—_p g%(7)
= e gii\T)=g\T)= 5

% = (1—=-p)kE — .1, V(1) = | Vsts — Kie N 'y_s + %

d;j% Yata — Kile

A ada sls.

i 8a(F) = (¢ 7HT ),

K—%

BT (¢ _ K% —%T —KT
Based on real data: ®'() a0 Tgl)sT(t—T)At' () = o )

19



Application of the method for
metapopulation model of COVID-19 epidemics

We chose 11 cities of the metropolitan region of Rio de Janeiro (Brazil) that
present the highest number of cases of COVID-19 until september 2020.

Pendular flow of individuals commuting to work is relevant for COVID-19

tranmission dynamics but it is not the only factor.

LI
Reported Cases
® 1245-2376

2376 - 3539
3539 - 8578
8578 - 11601

;%¢;f o 11601- 95444

Duque
Nova Iguacu de Caxias

Roxo /ISao Jodo de Weriti
A%%VJIIIII

V/ 0 Séao Gongalo

< ‘

h::ps:}/covid.saude.gov.br/

\

https://google.com/covidl9/mobility/



Constructing a metapopulation transmission model

IF

Inflow

/!
Resident Pop.
o Y By y;(t)
yi(t) #i

Outflow Inflow
Resident Pop.

- N
yﬁ.i(t)z yx(t)

21



The disease transmission

Susceptible Indv. from “17 in 3"  Infected Indv. in =3”

— X ‘p,j S, X I,,._-,‘

| N B L
.
HE L]

i
U From “i” to “i”

Susceptible Indv. from “t" in “17

-~ A" ™ Infected Indv. in ="
o} . Z
w— X b,(l— (I)._,) X It!.!
N;
J
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SIR metapopulation model




Applying the generalized method
to SIR metapopulation model

24



Applying the generalized method
to SIR metapopulation model

f(t) — |:Z/\z](t)lj(t)sz(t):| ] V(t,T) = |:—’)/ ’ii(t,T):|

| '

25



Effective reproduction number matrix
for SIR metapopulation model

Aft,7) = [/\z'jSz' (3_7"7]

This Reproduction number matrix
cannot be summed up into a total
reproduction number: the dynamics of
such system cannot be (globally
determined by a single reproduction
Number of exported cases number, but by several of them.

Ti(t) =Ry()) Y 8ilt, DBt —7AL  Bit) = Y1 T N
=0

JEL!



Results for SIR and SEIIR metapopulation models

n
Ri(t) = ) Ryi(t). Number of exported cases
(a) | (b)
151 a 165)
g
< 107 =
L Egrd
0.5 o)
=1
0‘ RJ DdC NI SJAM Nt SG BR Ns Mg Q Ma o RJ DdC NI SJdAM Nt SG BR Ns Mg Q Ma

cities

cities B SIR [ SEIR

1
i) = [ 580 2 +5' %”))],
SEIIR metapopu- |

lation model P g5 (7) 4 21=P) —p) a(T)
gij(T) =g(1) ==

EE movement

P -+ 6(1_17)

Ye Ya
t
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Influence on number of infections caused by a count i on a countj

AR94.04 0.82 2.41 0.37 0.99 0.50 0.78 0.15 0.04 0.21 0.20

100%
DdC {19 %236 0.74 0.76 0.20 1.86 0.09 0.02 0.12 0.77
NI@13.79 0.76 7862 0.59 0.63 0.12 3.64 053 021 1.18 0.08
SEIIR ‘ ~75%
metapopu-  [siaM 2RI 6.46 0.97 0.19 245 042 007 031 0.12
SO I . o0 (.15 (.49 0.07 89.08 535 0.14 003 001 0.03 0.13
applied to
ST YR 6.42 0.11 024 0.04 15.8277%14 0.09 0.02 0.00 0.02 0.11 50%
epidemics in » .
e R IRR15.92 1.75 1071 0.77 0.60 0.12 SR 0.15 0.07 0.32 0.10
regions of N
R J-Brazil SR10.97 0.67 1192 092 093 0.19 1.41 [EWE 0.32 0.47 0.05
25%

YER19.94 0.66 19.13 0.63 0.70 0.16 2.46 1.21 BERZ: 0.56 0.05

o 1022 0.31 10.30 0.26 0.35 0.10 1.13 0.18 0.05 #704 O.

VPR 6.70 1.48 0.53 0.07 1.01 037 025 0.02 0.00 0.0489.54 0%

RIJI DdC NI SJdAM Nt SG BR Ns Mg Q Ma



Influence of nhumber of infections caused by
a count on another one (SEIIR)

Municipality Acronyms
Belford Roxo BR
Duque de Caxias DdC
Magé Ma,
Mesquita Mg
Nilépolis Ns_
Niterdi Nt
Nova Iguacu NI
Queimados Q
Rio de Janeiro RJ
Sao Gongalo SG

Sao Jodao de Meriti SJdM

The thickness of the lines is proportional to the number of cases
that one count generates on the other one 29



Ongoing work and concluding remarks

We are able to generalize the used procedure of estimating the basic
reproduction number to the effective reproduction number, also obtaining
the generation interval distribution for an arbitrary model using data.

Since the methodology is very general, we ara applying it to several
models of disease transmission:
 SEINUHRD model with vaccine against COVID-19 (leaky x all or
nothing)
« Dengue model with vaccine (dengvaxia x gdenga)
 Dengue model with entomological parameters of aquatic phase of
vectors varying with temperature
* Alert-early system of outbreaks of na unknown transmitted disease

This method allows us to estimate other key quantities of an epidemic
process, such as the number of cases that a count generates on neighbor
ones through metapopulation models.

New features of reproduction numbers as well as derived measures of them
were considered when we analyse more complex scenarios.
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Q(t)
An example for sequential progression: SEIR model

BI[I+¢E
Z_fz_fv—S[I+EE], ;F(t):(N[OE ])7 —
dE BS
7 - N [I+€E] —I‘GE, v(t ) ( K,’I:e(t,T) ) " _BV _ l—li 0 :|
) ) . —
d _ B~ Yii(,7) — Kie(t, ) gz LR 7
dt
dR
— =~l.
it !

All(ta’f):Cﬁe_’"-i-@ L lemmm—e,

e 1 1
—_ __l_ — — L
Bgf N v—k _)R(t)zg%(n 7y 7)—)1;:5;
Aot 1) = Fe_'”. Az (t,7) = Ay, (1) =0 0 0

Since Fi(t)=F7(t). thena=(1,0) and

66—n7+ﬁ[e—n7_e—’)”r]
T =q T) = _

—

912(7) =92(7) =77 "; g,1(1) = gy, (1) =0



SEIIHURD model
(SEIIR model with € = 0)

gl Bl T e

= (Ls + 01a)

dE BS = BS
3. = AT IS 5‘[0, i E7 f— e
CZ; = pkE — 41, |

dIa 3

dt - (1 e p)h:E = 70,1(1.3 V(T) — (
dR

e ala. sIs-

dt  / A~y

B'(t)

R(t) = B— 0 0 0

g (%m‘%’) 1/ 1/%)
iy 0 0 0

» OO

Fr@®) =RY(t) /

0

gt (t, ) Fr(t — 1)dr

Whereby F7 (t) = Z Fi(t). For the model, we get:

Based on real data: R'(*) = ST B (AL

T =3 & £ 5(1(1 _p)
R(t)_BN('Ys+ Ya )
_ 2 g*(r) + 2Pl g?(r)
9ij (1) =g(1) = £+6(1—p) ’
Vs Ya
ga(T) = - KYa (e_'YaT_e_KT),
K—%

gs(r) = B (gmwt_gmxr)

K—="%
35



Reproduction numbers of SEIIHURD model with vaccine

LEAKY VACCINE(SEVIIHURD)

B(t)
oﬂ’@
. R
3

\ Bv(t)
@& - @),

PS: For an “all or none” Particular case
(SEIIHURD) :

vaccine, there would be an
arrow from V to Ry and R(t) = B®)S(H)P

Byt = B(t), leading to 7y — 1+ 1/R)
R(t) that do NOT depend - b
on vaccine efficacy. o )= Q(1)

P

RE(t) = B(S(t) + V(1)) [P + c(t)Py]
BuSu(t)
t) =
‘O =560 +ve)
p _ d1-p)
Vs Ya
Pv + 5v(1 — pv)
Yvs Yva

P =

P'U:

B.(t) = (1 —&) B(¢)

J (1)
fooo J(t—71)g(t, 7)dr

R(t) =

I(t+1/k) N I,(t+ 1/ky)
Po
_ Q(7) +¢(t)Qu(7)
9(t,7) = P+ c(t)Py

J(t) =

wJ




Vaccine effect in a dengue model with one serotype

Basic reproduction number

Denguevaxia X
S' =— AMS
I' = AMS — yI
Z'=vyl — ¢pZ
Zv = ¢ppZ
M = 8I(1 — M) — vM
ARG

R 0

0T Wb

For two serotypes, both values of R, depend
on their vaccine efficacies. Comparing those

values, we obtain in which scenarios Qdenga
is more beneficit for population transmission
and vice-versa.

Qdenga

S' =— AMS — ¢pS

S =— )\MSv(l — €) + ¢pS
I' = AMS — vyl

Iv = AM(1 — e)Sv — vl

Z' = vyl

Z' =yl

v v

M' = [8] + 6(1 — e)IV](l - M)— vM

\/8\/5 45 (-1+e)" A

0~ o
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Vaccine effect in a dengue model with one serotype

Effective reproduction number

Denguevaxia X Qdenga
- T
R(t) = (m, . ) R(H)= | 0 0 Ll
—= % M.§ M.(1-)8
T ~ ()
RT(Y) = JRpRm = R12R24 RT(t) = VR13R31 + R23R3;
_q _ (e "= Myv
G(t) =J g (a)g,(t — a)da leads to G(t) = -
0
B(t
RT(t) = o——

J, 6(@)B(t-1)dT
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New weekly cases

Reproduction number for vector-borne diseases

_ T
" o F - ndr

R(t)

4

L) = Sl(t)sz(t)s;stw si(t)t
7 ; H?=1,j#z‘(3.i(t) s:(t))

for which s;(t) varies depends on the
entomological parameters that varies

(P. et al, 2010) with temperature.
: Effective Reproduction number for 2017-2022
Foz do Iguacu - Brazil = |
— R(t), T=21.9 ¢C
Data 12500
2500 A —— Model 1.75}
2000 - § 1.50} 12008 @
S )
1500 = o125 -15005
1000 - : ) %
3 100 1000 2
500 - 0.75}
1500
01 , ] ] | , ] , | 0.50}
,Lgx": ’%%x% ’9)'%{3 ‘({lox") ’}L%x&%}gxﬁ '%06\6'9;0\6'})'%11 o ‘ ‘ ‘ | ‘ 10
Bafe 2017 2018 2019 2020 2021 2022 2023

Weeks



Exported cases X Movement

Total Movement

Exported Cases
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An example for parallel progression: SIIR model

% :_(;81[1 4]—V5212)S, Fit) = S p(B1ly + Ba213) —s Q1) :i (Pﬂl PJBQ)
dly (B +B215)S N \ q(B111 + B215) N \gB1 qp>
% =P N _'71]13
dly  (Bil1+B213)S [ mi(E,7) A (—’71 0 )
j;z =q N Yolo, V(t,7)= (’yziz(t,T))_) 5z =\ 0 —
yi yil1 +721s. (6_717 0 /
= ("9 ).
_ _ 1S _
g [PBre” T phae 727) —— e N7
Alt,T)=— —> A - A — p) N
o) o <Qﬂ1 e 1T gfye 127 * <q ® (@ —727)
Y,
_ 0 __ S (Bi/m) __ T — S(t)[ B1 52]
— e R p— R = — .
R()= [ Ar)ir=3 ( . /72) 0 =aR=01p2 142
git,r) = 0T @) =me™ | a, o SR g(7) _ phreT ™+ e

Ri(t Go(T) = Ype~ 2" () Ri(t) pB1/m +aB2/72



Application of the method for multi-group models

Let us consider a metapopulation model for estimating the
exported cases of COVID-19 between counts.

Metropolitan region of Rio de Janeiro, Brazil

LSS LSS 7
Reported Cases 7

® 1245-2376 7
2376-3539 7
3539-8578 7
8578 - 11601 7

® 11601 -95444 7

7

Wy,

%
Nilopolis /
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