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• Complex behavior of  the transmission dynamics of communicable diseases   
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• The basic (R0 ) and time-dependent effective (R (t)) reproduction numbers
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proposed for estimating R0)
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between cities, vaccine effect 

• Concluding remarks 

Outline



A bit of history ....
• The concept of basic reproduction number (R0) was introduced by

MacDonald in the 1950s,
• In 1990, Diekmann and collaborators proposed the next generation

method, setting up a clear mathematical definition of R0 for
heterogeneous populations, detailed in 2000.

• In 2002, van der Driessche & Watmough presented a detailed
procedure to estimate R0 for compartmental models.

• In 2004, Fred Brauer highlighted the essential concept of infection 
age for generalizing reproduc(on number for any (me t.

• In 2006, Wallinga and Lipsitch emphasized the role of the generation 
interval distribution g(𝜏) for the effective reproduction number R(t).

• In 2009, Nishiura and Chowell presented mathematical and 
statistical properties of R(t) as well as some applications.

• We present a generalization of the procedure based on the next
generation method with the aim of obtaining g( 𝜏) and R(t) for
heterogeneous models based on incidence data.

• We also apply it to complex models such as stochastical and
metapopulation ones to investigate different contexts. 8

Odo Dieckmann
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Our work about the method
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(Jorge et al., R. Soc. Open Sci. 9 (2022) 220005) 

Daniel Jorge
(Princeton 
University) 



Preliminary
• Concepts of reproduction numbers

– Basic reproduction number (R0) – the number of new cases of an 
infection caused by an infected individual in a whole susceptible 
population.

– Effective reproduction number (R(t))  - time series of reproduction 
number for which the infection reaches a partial susceptible population 
which changes on time.

• Next-generation method
– Consider the infection process in terms of consecutive generations of 

infected individuals analogously to demographic generations 
(“epidemiological birth”); regarding the generations: 𝜙!"#=K𝜙!

– The basic reproduction number may be written in terms of spectrum 
radius of the matrix K looking at multiplications in m generations but on 
per generation when 𝑚 → ∞: 
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R0 = 𝜌 𝐾 = lim
!→#

𝐾𝑚 1/m



Basic Reproduction Number (R0)
• Using  method of next generation operator, based on the infective 

compartments (Diekmann e Heesterbeek, 2000; Van den Driessche & 
Watmough, 2002), for a general model: 

$%!
$&

 R0  is estimated in terms of the sub-model of infective compartments:

              with

• 𝐹 corresponds to a matrix whose elements are the rate at which infective 
individuals in j  produce new infections in i, V is a matrix composed by the 
transition terms of  compartments i and j. The eigenvalues are obtained for 
the free-disease equilibrium and  R0 corresponds to the largest  eigenvalue 
of FV-1.

R0 = 𝜆 ⟹ det F V −1 − 𝜆𝑰 = 0
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An stochas*c vector-borne model of co-circula*on of viruses 
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Parameters of the model

Vector-borne diseases 
• Zika and dengue – 

Hirata et al, 2023
• DENV-1, 2, 3, 4 – de  

Araújo et al. 2023



Basic reproduction number for co-circulation model

• Assuming 

we recover its deterministic 
version (Esteva et al. 2003). 
•  Since 
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For stochastic version of the model:

If there is no imune humans at t=0, then



Effective reproduction number (ℛ(t))
• The effective reproduction number, ℛ(t), may be set up through the 

concept of infection-age (Nishiura & Chowell, 2009), also based on the 
infective compartments.

• Let A(t,τ) be the rate of new infections at time t caused by an infective  
human at time  τ ≤ t ; therefore the number of new infections ℱ(t) and  
the reproduction number ℛ(t) are given by:

• Consider g(t,τ) a normalized probability distribution of time interval that 
an infectious human take to infect secondary cases (generation interval 
distribution); assuming that g depends only on 𝜏, then:

                                           and                                                    



SEIIHURD model:  COVID-19 dynamics 

CIDACS-FioCruz-Ba

15

Oliveira et al., Nat.
Commun. 12, 333 (2021) Jorge et al., Epidemics 35, 100465 (2021)



A general method for es0ma0on of R (t) 
to heterogeneous popula0ons 

Density of infective compartments:                                                 

, then                        ;,

such that



Steps of the method 
• To calculate                : 

• To calculate Γ 𝑡, 𝜏 ∶
–   If 𝒱 𝑡, 𝜏  depends linearly on 𝑥 𝑡, 𝜏 , with 

– To obtain the eigenvalues 𝜆 and the eigenvectores  �⃗� of           
– To exhibit                                      with 

• To obtain                                   such that  

• As a consequence:

• If                                    with                                 then                            ;                         
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;

with

;



An example for sequential progression: SEIR model 
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Since                      then    
                 

; 𝑔$#(𝜏) = 𝑔$$ (𝜏) =0



SEIIHURD model
(SEIIR model with 𝝐 = 𝟎)

Based on real data: 
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Application of the method for 
metapopulation model of COVID-19 epidemics

20

We chose  11 cities of the metropolitan region of Rio de Janeiro (Brazil) that 
present the highest number of cases of COVID-19 until september 2020.

Pendular flow of individuals commuting to work  is relevant for COVID-19 
tranmission dynamics but it  is not the only factor.



Constructing a metapopulation transmission model
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The disease transmission
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From “i” to “j”

From “i” to “i”
i j



SIR metapopulation model

23



Applying the generalized method 
to SIR metapopulation model
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Applying the generalized method 
to SIR metapopulation model



Effective reproduction number matrix 
for SIR metapopulation  model
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This Reproduction number matrix 
cannot be summed up into a total 
reproduction number: the dynamics of 
such system cannot be globally 
determined by a single reproduction 
number, but by several of them. Number of exported cases



Results for SIR and SEIIR metapopulation models
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Number of exported cases

SEIIR metapopu-
lation model
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Influence on number of infections caused by a count i on a count j

SEIIR 
metapopu-
lation model
applied to
COVID-19
epidemics in
metropolitan
regions of
RJ-Brazil
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Influence of number of infections caused by 
a count on another one (SEIIR)

The thickness of the lines is proportional to the number of cases 
that one count generates on the other one



Ongoing work and concluding remarks 

• We are able to generalize the used procedure of estimating the basic 
reproduction number to the effective reproduction number, also obtaining 
the generation interval distribution for an arbitrary model using data.

• Since the methodology is very general, we ara  applying it to several 
models of disease transmission: 

• SEIIUHRD model with vaccine against COVID-19 (leaky x all or 
nothing)

• Dengue model with vaccine (dengvaxia x qdenga)
• Dengue model with entomological parameters of aquatic phase of 

vectors varying with temperature
• Alert-early system of outbreaks of na unknown transmitted disease 

• This method allows us to estimate other key quantities of an epidemic 
process, such as the number of cases that a count generates on  neighbor 
ones through metapopulation models. 

• New features of reproduction numbers as well as derived measures of them 
were considered when we analyse more complex scenarios.
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Thank you for your attention!
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Happy Birthday, Constantino!y
χρόνια πολλά!



An example for sequential progression: SEIR model 
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𝐴$#(t,𝜏) = 𝐴$$ (t,𝜏) =0

Since                       then                   and   

; 𝑔$#(𝜏) = 𝑔$$ (𝜏) =0



SEIIHURD model
(SEIIR model with 𝝐 = 𝟎)

Based on real data: 
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Reproduction numbers of SEIIHURD model with vaccine
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LEAKY VACCINE(SEVIIHURD)

Particular case
 (SEIIHURD) : 

PS: For an “all or none” 
vaccine, there would be an 
arrow from V to RV and 

leading to                                               
a       that do NOT depend 
on vaccine efficacy.



Vaccine effect in a dengue model with one serotype
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Denguevaxia                        x                      Qdenga

For two serotypes, both values of R0 depend 
on their vaccine efficacies. Comparing those 
values, we obtain in which scenarios Qdenga 
is more beneficit for population transmission 
and vice-versa.
 

Basic reproduction number



Vaccine effect in a dengue model with one serotype
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Denguevaxia                      X                       Qdenga

Effective reproduction number

leads to 



Reproduction number for vector-borne diseases
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Foz do Iguaçu - Brazil

for which  si(t) varies depends on the 
entomological parameters that varies 
with temperature.(P. et al, 2010)
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Exported cases X Movement

Exported Cases Total Movement



An example for parallel progression: SIIR model 
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Application of the method for multi-group models
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Metropolitan region of Rio de Janeiro, Brazil 

Let us consider a metapopulation model for estimating the 
exported cases of COVID-19 between counts.


