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It started with disordered superconductors…



And the Tsallis thermostatistics was there!





+

Boltzmann Tsallis

=

Lambert

q+



Nonextensive Statistics and Complex Networks
ü Dynamical and Growth Models:

1) 

2) 

3) 
Prof. Luciano da Silva 

A Real Force of Nature!

ü Random Network Models:

1) Using the Configurational Model, we can generate random unbiased complex networks exhibiting
q-exponential degree distributions with arbitrary parameter values. 

2) With an additional degree of freedom, these networks generalize the scale-free ones, therefore having
great flexibility with respect to topological and transport properties, like assortativity, small-world behavior, 
and resilience to random and malicious attacks.



Projeto Cientista Chefe de Dados – Economia
Nota Fiscal Eletrônica

6 billio
n invoices!

43 fie
lds each!



Generalized Modularity Algorithm
Stochastic Block Model [Peixoto, PRE (2018)]

The algorithm identifies modules based on the correlations
between pairs of sites and on the network generation process.

Definition of Macroregions of Financial Activity in Ceará State
Commercial Transactions Network

Network of Cities
weight of a link = # of commercial transations



Infomap Algorithm
Rosvall & Bergstrom, PNAS (2008)

ü The algorithm finds modules in a network by minimizing the
lengths of a random walker's movements.

ü The network will be compacted if regions are identified where
the walker tends to remain for a long time.

ü It captures the network's optimal community structure in 
terms of its associated flow dynamics.

Definition of Macroregions of Financial Activity in Ceará State
Commercial Transactions Network

Network of Cities
weight of a link = # of commercial transations
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Definition of Macroregions of Financial Activity in Ceará State
Commercial Transactions Network

Network of Cities
weight of a link = # of commercial transations
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Matrix of Commercial Transactions

Definition of Macroregions of Financial Activity in Ceará State
Commercial Transactions Network

Network of Cities
weight of a link = # of commercial transations

strong correlations within the communities!



Bipartite Networks of Cities and Traded Products
Revealed Comparative Advantage (RCA) Index

Hidalgo et al., Science (2007)
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!"#$% → revealed comparative advantage of the city , with relation 
to the product -.

($% → monetary value traded by the city , of the product -.

If !"#$% > 1, it means that the product - is relatively more important to the trade of the city ,
than the relative importance of all trades of this product by all cities. In the case of selling 
(buying) trades, the city is then considered a “seller” (“buyer”). It is a demonetized index.

1$% = 2 1 34 !"#$
% ≥ 1

−1 34 !"#$% < 1

Binarized City-Product Matrices

1$% → activity of the city , with relation to the product -.
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Ø Let us denote "⃗ = {"%
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} as the state of the system of the ,

cities passing through the product -.
Ø Since every city is in one of two states (−1 or 1), overall we have a

set {"⃗} of 25 possible states which the system can assume for each
product.

Ø Given the constraints (1) and (2) for all , cities, the distribution
6 "⃗ that maximizes the entropy 7 ≡ −∑ : 6 "⃗ ln6 "⃗ with
∑ : 6 "⃗ = 1 is the following:
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exp[−Bℋ "⃗ ] Ising model from real data!

From Correlations to “Interactions” - Maximum-Entropy Model
Schneidman, Berry II, Segev & Bialek, Nature (2006)

Ø Our observables correspond to the average activity and pairwise
correlations for the , cities over all 6 products:
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Ø Assuming that ! = 1 and rewriting the equations as,
$ &⃗ = '()exp(∑/ ℎ/&/ + ∑/23 4/3&/&3) and ' = ∑{7} exp( ∑/ ℎ/&/ + ∑/23 4/3&/&3)

Boltzmann Machine Learning
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&/&3$ &⃗and

the fields {ℎ/} and couplings {4/3} can be obtained by solving,

Ø In practical terms, we search for a solution of this inverse-Ising
problem using a Monte Carlo (MC) algorithm as a core solver with the
following updating rules:

ℎ/ : + 1 = ℎ/ : − > : [ &/ @A − &/ BCD]
4/3 : + 1 = 4/3 : − >(:)[ &/&3 @A− &/&3 BCD]

(1)

(2)

From Correlations to “Interactions”
Maximum-Entropy Model for Cities and their Traded Products

Once we infer all the parameters {ℎ/} and {4/3} that better reproduce the sets { &/ BCD}
and { &/&3 BCD}, while maximizing the entropy, the Boltzmann distribution characterizes
the statistics of the product activities of the cities composing a given community.



From Correlations to “Interactions”
Boltzmann Machine applied to the Microdynamics of Ceará's Economy
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Subcritical!! " = 1
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Muito obrigado!


