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Random walk

Random walk: some of historical review

The poem De rerum natura (on the nature of the things), didactic work treating

of the principles and the philosophy of the epicurism of the philospher and roman
poet Tito Lucrécio Caro (94 a.C. - 50 a. C.) cites:

“The atoms moves in an infinite vacuum.
The universe is composed by atoms and vacuum, nothing else.
Because we are made up of a soup of atoms in constant motion.
Life forms in this world and in others are in constant movement, increasing the
power of some forms and decreasing that of others.
Feelings perceive the macroscopic collisions and interactions of bodies”
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Random walk

Brownian motion

In 1827, Scottish biologist Robert Brown observed that particles found in grains of
pollen in water moved through the water, with movements of “their own volition”.

In 1905, Albert Einstein in his doctoral thesis published the first theory of Brownian
motion, obtaining, I' = RT'/(6wanN4) for the diffusion coeficient

In 1908, French physicist Paul Langevin established the Langevin equation

% =nv+&(t) , mn = viscosity coeflicient , £(¢) =random force
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Random walk
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Deterministic and probabilistic descriptions

Let us assume the discrete dynamics of a system in one dimension, where
Xo,X1,Xo,...,X,,... represent the positions of a particle at times
t=0,1,2,...,n,.... This, for example, allows us to model Brownian motion in a
discrete dynamics

deterministic description (Hamilton) == probabilistic description (master equation)
particle mechanics = statistical mechanics
(x1(t),...,xn(t),p1(t),...,pN(t)) = P(z,t) distribution of the system

with P(z,t)dx the probability of the system being at (dz — x,z + dx) at time ¢
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Definition of classical random walk

Probability of taking an i-th step X; =1 or X; = —1:
PXi=+1)=p ; PX;=-1)=1-p
The mean value and variance in the i-th step are
E(Xi) =(HDp+ (1)1 -p)=2p—-1

V(X)) =1~ 2p-1))p+(-1-(2p—1))’(1 - p) = 4p(1 —p)
We see that for the particular case of a symmetric RW (p = 1/2) we have

P(X;=+1)=1/2 , E(X)=0 , V(X;)=1
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Pascal’s triangle for p =1/2 and n =5

k 5] —4a]-3]-—2]-1]0]1]2[3[4]5
P(Sy =k) 0
2P(S, = k) 1 1
22P(Sy = k) 1 2 1
25P(S3 =k) 1 3 3 1
21P(Sy = k) 1 4 6 4 1
2P(Ss=k) | 1 5 10 10 5 1
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Random walk

Trajectories of RW - Homogeneity

n
S, =X1+Xo+...+ X, = Z X; (position after n steps)
i=1

Mathematica code: ListLinePlot[Accumulate[RandomChoice[-1, 1, 100]], Frame — True,
FramelLabel — Style[“number of steps”, FontSize — 18, Black], Style[ “position of walker”,
FontSize — 18, Black], LabelStyle — Directive[Black, FontSize — 16], PlotStyle — Black]

W ’

position of walker
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0 20 40 60 80 100
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Connection of the RW with the diffusion equation

The master equation for P(x,t) on a one-dimensional lattice of parameter a is
P(z,t+ At) =pP(x 4+ a,t) + (1 —p)P(x — a,t)
p p

<= m)p
-3a -2a -a Xo=0 a 2a 3a 4a

0000 0 0 0

For p = 1/2 taking the limits a — 0, At — 0 and from the approximations

oP  a*9*P oP
~ —_—t —— P =~ —_—
Pz +a,t) = P(z,t) a B + 5 a2 (x,t + At) = P(z,t) + At 5
we obtain the diffusion equation (Fokker-Planck equation, FPE)
2 2
OP(z,t) Fa P(z,t) r—@

ot 022 ’ 2At
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Solution of the diffusion equation (free case)

10 ]
= 8 ]
%
X g 1 — t7=0.01
ol — t/1=0.1
k4] ] =0.
N t/7=1
Yy &\ ] /710
— t/1=
] 1\
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X//o
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Pla.t) = L @) =0, (et =Tt , 7=
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Nonextenstive statistics

Possible Generalization of
Boltzmann—-Gibbs Statistics

Constantino Tsallis'

Received November 12, 1987, revision received March 8, 1988

With the use of a quantity normally scaled in multifractals, a generalized form
is postulated for entropy, namely S,=k[1—X%, pil/(g—1), where ge®
characterizes the generalization and { p,} are the probabilities associated with ¥
(microscopic) configurations (W e N). The main properties associated with this

entropy arc established, particularly those corresponding to the microcz cal
and canonical ensembles. The Boltzmann-Gibbs statistics is recovered as the
g — 1 limit.

ADITIVITY: an entropy S is called aditive if for any two independent systems
A, B we have
S(A+ B)=5(A)+ S(B)

w
21:1 Pg_
q

The Tsallis entropy S, = T ! satisfies

Sy(A+ B) = 5,(A) + 8,(B) + (=) 8,(4)8,(B)
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Nonextensive statistics and some associated structures

Non-aditivity :  S,(A + B) = Sq(A) + 54(B) + (1]7;‘1) S4(A)S,(B)

gsum: rx @,y =x+y+(l—qry—xr+y when ¢—0
g-product: z®qy:=[z'"I4+y" "7 - 1}1/“7‘1) —s oy when ¢—0

L. Nivanen et al., RMP 52, 437-444 (2003) - E. P. Borges, Phys. A 340, 95-101 (2004)
g-dlgebra (Bg, Oq, ®q, @q) € g-derivative D, f(z) = (1 + (1 — q)z)df /dx

Mapping between the harmonic oscillator with deformed derivative and the Morse
oscillator by means of the canonical transformation 7 = M (y=1-9q)
Raimundo N. Costa Filho et al 2013 EPL 101 10009

(. t) _ 2 12 0 L) i

HO :ih

.. 09(n, R 02 w? ~ 9
MO in P — oo, t) + (T = 100 0) . 6(.8) = Uil 0

™7 mid = = SaRst
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Deformed random walk

one-to-one correspondence between the position-dependent mass and the
deformed derivative

2

g(z) 9

g = %@ <— m(l‘) = R g(.’,L‘) = (1 —+ ’yl‘)2 (q—a’ulgebra)
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Deformed Fokker-Planck equation: Inhomogeneous medium with a position-dependent mass

Bruno G. da Costa®,"” Ignacio S. Gomez®,>" and Ernesto P. Borges
Unstituto Federal de Educagdo, Ciéncia e Tecnologia do Sertdo Pernambucano, Rua Maria Luiza de Araiijo Gomes Cabral s/n,
56316-686 Petrolina, Pernambuco, Brazil
Instituto de Fisica, Universidade Federal da Bahia, R. Barao de Jeremoabo s/n, 40170-115 Salvador, Bahia, Brazil

M| (Received 20 April 2020; revised 2 July 2020; accepted 30 October 2020; published 2 December 2020)

We present the Fokker-Planck equation (FPE) for an inhomogeneous medium with a position-dependent mass
particle by making use of the Langevin equation, in the context of a generalized deformed derivative for an
arbitrary deformation space where the linear (nonlinear) character of the FPE is associated with the employed
deformed linear (nonlinear) derivative. The FPE for an inhomogeneous medium with a position-dependent
diffusion coefficient is equivalent to a deformed FPE within a deformed space, described by generalized
derivatives, and constant diffusion coefficient. The deformed FPE is consistent with the diffusion equation for
inhomogeneous media when the temperature and the mobility have the same position-dependent functional form
as well as with the nonlinear Langevin approach. The deformed version of the H-theorem permits to express the
Boltzmann-Gibbs entropic functional as a sum of two contributions, one from the particles and the other from
the inhomogeneous medium. The formalism is illustrated with the infinite square well and the confining potential
with linear drift coefficient. Connections between superstatistics and position-dependent Langevin equations are
also discussed.
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Deforming the RW (PRE, 2023)

PHYSICAL REVIEW E 107, 034113 (2023)

Deformed random walk: Suppression of randomness and inhomogeneous diffusion

Ignacio S. Gomez
Departamento de Ciéncias Exatas e Naturais, Universidade Estadual do Sudoeste da Bahia,
Rodovia BR 415, km 03, s/n, Itapetinga, BA 45700-000, Brazil

M (Received 5 September 2022; accepted 17 February 2023; published 8 March 2023)

‘We study a generalization of the random walk (RW) based on a deformed translation of the unitary step,
inherited by the ¢ algebra, a mathematical structure underlying nonextensive statistics. The RW with deformed
step implies an associated deformed random walk (DRW) provided with a deformed Pascal triangle along with
an inhomogeneous diffusion. The paths of the RW in deformed space are divergent, while those corresponding
to the DRW converge to a fixed point. Standard random walk is recovered for ¢ — 1 and a suppression of
randomness is manifested for the DRW with —1 < y, < 1 and y, = | — ¢. The passage to the continuum of
the master equation associated to the DRW led to a van Kampen inhomogeneous diffusion equation when the
mobility and the temperature are proportional to 1 + y,x, and provided with an exponential hyperdiffusion that
exhibits a localization of the particle at x = —1/y, consistent with the fixed point of the DRW. Complementarily,
a comparison with the Plastino-Plastino Fokker-Planck equation is discussed. The two-dimensional case is also
studied, by obtaining a 2D deformed random walk and its associated deformed 2D Fokker-Planck equation,
which give place to a convergence of the 2D paths for —1 < y, ., ,, < 1 and a diffusion with inhomogeneities
controlled by two deformation parameters y,, , y,, in the directions x and y. In both the one-dimensional and the
two-dimensional cases, the transformation y, — —y, implies a change of sign of the corresponding limits of the
random walk paths, as a property of the deformation employed.

DOI: 10.1103/PhysRevE.107.034113
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Deformed random walk

Random walk in deformed space

Probability of taking an i-th step (X;), = (+1), or ou (X;); = (—1), in deformed
space T

P((Xi)g = (+1)g) =p 5 P((Xi)g=(-1)g)=1-p
being

1 1
(£F1)g = —In(l£7) , 2= —In(l+4)
Vq Ya

the deformed position (S,,), after n steps defined by

(Sn)q = (Xl)q + (X2)q +...+ (Xn)q = Z(Xi)q

Hence the question arises: What is the structure of the random walk X;
corresponding to the deformed random walk (X;),?

1
(Xi)g = Xs , z4= o In(1 +~4x) = =
q
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Deformed random walk

Structure of the deformed random walk in standard space x

Property: Given z,y real numbers, the g-sum x &, y = x + y + 7,7y satisfies
Tq+Yq = (T Dqy)q
so we have,
(Sn)g=X1)g+ (X2)g+ ...+ (Xn)g = Sn=X10,Xo®Bq... Py X,

being
e'Yq(E?:l(Xi)q) -1

Yq

Sn:Xl@ng@q...@an:

S1=X3
So = X1 + Xo + 7, X1Xo

0= YK 3 oK 4 0E Y KNk
i=1 i<j i<j<k

The deformation parameter is manifested as perturbative corrections ,YZ
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Deformed random walk

Pascal’s triangles of the RW and the DRW

Pascal’s triangle of the RW with p=1/2and n =5

k 5[ —-4]-3]-2]-1]0o]1[2[3[4]5
P(Sy = k) 0
2P(S; = k) 1 1
22P(Sy = k) 1 2 1
23P(S3 = k) 1 3 3 1
24P(S4 =k) 1 4 6 4 1
P(Ss=k) | 1 5 10 10 5 1

Pascal’s triangle of the DRW with p =1/2, n =5 and v, = 1/2

0
1 1
15(1) | -05(2) | 25(1)
17 (1) | -12(3) 02(3) | 5(1)
19(1) | -16(4) [ -00(6) | 14(4) |81(1)
19 (1) | -1.8 (5) | -1.4 (10) 0.3 (10) | 3.1 (5) | 13.2 (1)
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Trajectories of the DRW - Inhomogeneity

e’Yq(E?:ﬂXi)q) -1
Sn=X1 8¢ Xo®Bq ... B¢ Xnn = A/— (position after n steps)
q

Mathematica code: ListLinePlot[f[Accumulate[RandomChoice[g[-1], g[1], 100]]],
k[Accumulate[RandomChoice[h[-1], h[1], 100]]], Table[k, 2*(Exp[-(0.5) k] - 1), k, 0, 100],
Table[k, -2*(Exp[-(0.5) k] - 1), k, 0, 100], PlotStyle — Dashed, Blue, Dashed, Red, Blue, Red,
Frame — True, FramelLabel — Style[“number of steps”, FontSize — 18, Black], Style[“position
of walker”, FontSize — 18, Black], LabelStyle — Directive[Black, FontSize — 16], PlotLegends
— "0.5", “-0.5", "exp”, “exp”]

i
5 AR
= iwi
© 1k
3 7 R — 0.5
5 ol
- s -05
i) i
:‘U:‘) —1 r ‘lll‘ ,IA"“ exp
o i \
Q -2—5 = exp

0 20 40 60 80 100
number of steps
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Deformed random walk

Convergence theorem for DRW

We see that the trajectories of the deformed random walk asymptotically satisfy

dX
— =~ 1 X X(0)=0
dt |'7q| ) ()

whose solution X (t) = (e~17alt —1)/~, is already observed after n = 100 steps

Theorem: (one-dimensional convergence of the DRW)

Let fi, f— : R — R be the functions fy(z) =2 ®,1=xz(1+~,) + 1 and
fo(z) =284 (—1) = (1 —v4) — 1. Let X,, be the position of the walker at
instant ¢ = n. Then,

(1) Xny1 = f+(Xy) or Xy = f-(X,,) for all n € N.

(1) If |7q| < 1 then limy, o0 X, = =7, .

Ignacio Sebastidn Gomez UESB - Itapetinga 80th birthday of Constantino Tsallis



Deformed random walk

Deformed random walk and deformed diffusion equation

The master equation for Py(x,,t) on a one-dimensional lattice of parameter a, in
deformed space z, is

Pla,t + At) = pP(z + (+a)g, t) + (1 = p)P(z + (—a)q, )

ip P
<= mp

-3aq -Zaq -dq (Xo)q=0 dq Zaq 3aq 4aq

——
aq

For p = 1/2 taking the limits a — 0, At — 0, and using (+a,) ~ +a and the

approximations
Plxg+(Ea)q,t) = P(zq,t)+(L£a)qD 73'+( )qD P, P(xg, t+AL) = P(xq,t)—i-Ataa—?;

we obtain the deformed diffusion equation (DFPE, PRE da Costa et al. (2020))

OP(zq,t) 9 _ a? _ df
0 LDgP(zq,t) , T'= SAL Dy f(x) = (1 +’Yq$)%
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Deformed random walk

Structure of the deformed diffusion equation

OP(z4,1) 9 a® df
=ID I'=— D =(1 -
ot P(xtp t) oAt of (@) = (1 +42) dr
is equivalent to
P
887 Faa (14 y4x)=— 0 (1 +~4z)P(x,t) (van Kampen diffusion)

ox

with the relations

P(z,t) = 7133—%:2 , 1= /P(%t)dx = /P(xq,t)dxq
q

Hence, the solution of the homogeneous free diffusion in the deformed space z,

1 ch
,P(mlbf’) = \/ﬁexp _ﬁ

corresponds to the inhomogeneous free diffusion in standard space x given by

1 1 In?(1 + 7 3:))
P(z,t) = e ——
(ot =17 Yo BTt T ( (2Tt)vg
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Deformed random walk

Stationary solution for long times (f — 00)

4 4
=3 =3
2 2
& ot — =01 %, — t/1=0.1
K — t/r=1 R — t/r=1
~ — =10 ™1 — =10

0 0

2 0 2 4 6 8 10 -10 -8 -6 -4 -2 0 2

x/lp x/ly
1 T
T=—= (characteristic time)
g

Py(z) =0(x+1/7g) with 2> —1/v4 (74 >0) or z<—=1/7 (74 <0)
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MSD (mean standard deviation)

2.0: :
r\i‘:o - 1 ]—’qu:O
e 1.5 :
T A Vqlo=0.2
<J 1.0: '
VA : Volo=0.4
057 /_ q
P ] Volo=0.8
0.0 _. .. o, ,E 7e
0.0 0.2 0.4 0.6 0.8 1.0
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Deformed random walk

RW-DRW comparison

H property ‘ random walk deformed random walk H
Pascal’s triangle symmetry around x = 0 asymmetry
randomness yes not
asymptotic limit not Xn — —1/7,
S, X1+.. .+ X+ X1 Dy .- Dy Xn
memory effects not not

diffusion equation

Ot P(x,t) = T0, P(x,t)

8tP(xQ7 t) = FD(?P(an t)

stationary solution

constant =~ (

Ps(z) =0(z +21/7q)

MSD ((Ax)*(t))

I't

: )
o2Tt1g _ Tty

7z
type of diffusion linear exponential
characteristic time o0 T= 1/(%?”
localization not T=—1/y
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Final considerations

@ A suppression of randomness is observed for the DRW with |y,| < 1 reflected
in the convergence of any trajectory starting at X = 0, with the asymptotic
limit being = —1/7,.

@ Exponential convergence of the DRW trajectories is a consequence of the
g-deformation used.

© The master equation of the DRW implies a deformed Fokker-Planck equation
that results in a particular case of the inhomogeneous van Kampen diffusion
equation.

©Q A localization and a finite characteristic time are dependent on the
deformation parameter ,, recovering the standard case for zero deformation.

© Other deformations could be used to generate other DRW, such as the
deformation of the Kaniadakis algebra inherited from Kaniadakis statistics.
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Conclusions and perspectives

DRW and DFPE: two dimensional case

y position of walker
y position of walker

L -2 0 2 4 6 8

x position of the walker x position of the walker

f— (0.5,-0.5)

(exp,exp)

Paths of the walker after n = 100 steps starting at (x,y) = (0,0) provided
p1 = p2 = p3 = 1/4. Left plot shows the two-dimensional RW Right plot below
illustrates the two-dimensional DRW with a mixture of deformations v, = 0.5
and 7,, = —0.5, whose convergence to the fixed point (—2,2) is observed and the
blue curve indicates the exponential asymptotic behavior

(X (@), Y (1) ~ ((e7mlt — 1) /yq, (e7Pe2lt = 1) /g,).
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Conclusions and perspectives

Contours of the probability distribution P(x,y,t) of the two-dimensional DFPE for times
t/T =0.1,0.2,0.5,1,5,10 with 74, = 0.5 and 74, = —0.5 with the initial condition
P(z,y,t =0) = §(z)d(y). In white and black are indicated the regions with low and high probability_density.
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