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Previous collaborations with Constantino Tsallis
on low dimensional dynamical systems

The quest for understanding the family of q indices

qent: finite entropy production rate
qsen: q-exponential sensitivity of initial conditions
qrel: q-exponential rate of relaxation processes
qstat: q-gaussian stationary distribution



qsen, qrel

xt+1 = 1 − a|xt|z (z > 1; a ∈ [0, 2]; xt ∈ [−1, 1])
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qent, qsen, qrel, qstat: the standard map

pi+1 = pi − K sin xi

xi+1 = xi + pi+1

Generalized Pesin identity

Strong chaos: qent = qsen = 1
weak chaos: qent = qsen = 0

Rate of relaxation of Sqrel

∆Sqent ∝ expqrel
(−t/τq)

qrel = 1.4

Stationary distributions
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qent, qsen, qstat: the web map

ui+1 = vi

vi+1 = −ui − K sin vi

Linear sensitivity to initial
conditions

Strong chaos: qent = qsen = 1
weak chaos: qent = qsen = 0

Rate of entropy production

qent = 0

Stationary distributions

P(y) ∝ expqstat

(
− βq(y − µ)2

)
qstat = 1.935



qent for multidimensional systems

Entropy production rate

Kqent = lim
t→∞

lim
W→∞

lim
M→∞

⟨Sq(t)⟩
t

=

 ∞, q < qent

finite, q = qent

0, q > qent

D: Number of positive q-generalized Lyapunov coefficients

Conjecture:
1

1 − qent
=

D∑
k=1

1
1 − qent,k

for fully independent
dynamical variables

xt+1 = fa,ζ(xt) ≡ 1 − a|xt|ζ (ζ > 1; a ∈ [0, 2]; xt ∈ [−1, 1])

D = 1: xt+1 = fa1,ζ1(xt)

D = 2: [xt+1, yt+1] = [fa1,ζ1(xt), fa2,ζ2(yt)],



Verification of the conjecture 1
1−qent

=
∑D

k=1
1

1−qent,k
for the ζ-logistic

map

xt+1 = fa,ζ(xt) ≡ 1 − a|xt|ζ (ζ > 1; a ∈ [0, 2]; xt ∈ [−1, 1])

ζ = 2

D = 1
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Logistic map: overshooting and stationary value of Sqe
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Symmetrization of a time series

The method splits a given time series

{xt}, t = 0, . . . , tf

into two series with regard to the time reversal symmetry t ↔ (t − tf )

Symmetric Series

St ≡
xt + xtf −t

2

Antisymmetric Series

At ≡
xt − xtf −t

2

xt = St + At



An instance: the logistic map xt+1 = 1 − ax2
t

x0 = 0.1, tf = 2000
black dots: a = 2, red dots: a = ac = 1.40115518909205 . . .

0 500 1000 1500 2000

t

-1

-0.5

0

0.5

1

x
t

a=2
a=a

c

0 500 1000 1500 2000

t
f
 - t

-1

-0.5

0

0.5

1

x
t f-t

a=2
a=a

c

0 500 1000 1500 2000

t

-1

-0.5

0

0.5

1

S
t  

=
  

 x
t+

x
t f-t







2

a=2
a=a

c

0 500 1000 1500 2000

t

-1

-0.5

0

0.5

1

A
t  

=
  

 x
t-x

t f-t







2

a=2
a=a

c



Effect of the final time
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Influence of the control parameter a on At

(x0, tf ) = (0.1, 2000)
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Influence of the control parameter a on ⟨St⟩ and ⟨At⟩

(x0, tf ) = (0.1, 2000)

0 0.5 1 1.5 2
a

0

0.5

1

〈S
t
〉

0

0.5

1.0

1.5

2.0


〈A

t
〉

10
-17

-0.5

0

0.5

λ

-1

-0.5

0

0.5

1

x
∞

x
0
 = 0.1

t
f
 = 2000

a
c



Influence of the initial condition on the standard deviations σS and
σA for fixed tf
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Influence of tf on (σS, σA)
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Another instance: Sunspots

http://iau.org



Sunspots Cycles
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Cycle 24

Dec 16, 2009 – Dec 16, 2019
Period: 11.0 years
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Happy Birthday, Constantino!


