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F. D. NobreC. Tsallis L. Boltzmann

𝑞 ≠ 1 ‼ 𝑞 = 1 ‼

Let’s go for 90, Constantino!
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– Scaling of tQSS with Uc-U

• Ongoing work



Hamiltonian Mean Field model

𝜃𝑖

• Spin of rotator i :

• Total magnetization:

• 𝜖 > 0: ferro;  𝜖 < 0:  antiferro

• N planar rotators

M. Antoni & S. Ruffo, PRE 52, 2361 (1995)



𝜃𝑖

• Equation of state:

• N planar rotators
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𝜃𝑖

• Equation of state:

• N planar rotators

caloric curve

Hamiltonian Mean Field model



𝜃𝑖

• N planar rotators

• Equation of state:

• Equations of motion:

Hamiltonian Mean Field model



• N planar rotators

Hamiltonian Mean Field model
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• N planar rotators

Hamiltonian Mean Field model
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𝛼 −XY model

C. Anteneodo & C. Tsallis, PRL 80, 5313 (1998)

𝜃𝑖

d=1d=2d=3



𝛼 −XY model

C. Anteneodo & C. Tsallis, PRL 80, 5313 (1998)

• short range: 𝛼/𝑑 > 1  𝑁 → const

• long range:  𝛼/𝑑 ≤ 1  𝑁 diverges

• 𝛼 → ∞ NN

• 𝛼 = 0 HMF



𝛼 −XY model

𝛼 = 00 ≤ 𝛼/𝑑 ≤ 1

• caloric curve



𝛼 −XY model

• Time-averaged momenta pdf:

𝜶/𝒅 = 𝟎. 𝟗

L. J. Cirto, A. Rodríguez, F. D. Nobre & C. Tsallis, EPL 123, 30003 (2018)

q-Gaussian
𝒒𝑷 = 𝟏. 𝟓𝟗
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Scaling of tQSS with N

𝑈 = 0.69, 𝛼/d = 0.9
• system size: N = Ld

• Initial conditions

𝑀 0 = 1: 𝜃𝑖 = 0 ∀ 𝑖

𝑀 0 ~ 0: 𝜃𝑖 ∈ [0,2𝜋]

• tQSS increases with N and with d; 𝑡QSS 𝑀 0 ~0 > 𝑡QSS 𝑀 0 = 1

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 103, 042110 (2021)



Scaling of tQSS with N

• tQSS increases with N and with d:

𝑈 = 0.69, 𝑀 0 ~ 0



Scaling of tQSS with N

• tQSS increases with N and with d:

/

𝑈 = 0.69, 𝛼/d = 0.9



Scaling of tQSS with a/d

𝑈 = 0.69, 𝑁 = 15625

• tQSS decreases with a/d

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 103, 042110 (2021)



𝑈 = 0.69

Scaling of tQSS with a/d

• tQSS decreases with a/d:

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 103, 042110 (2021)



Scaling of tQSS with a/d

• tQSS decreases with a/d:

𝑈 = 0.69, 𝑁 = 15625

/

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 103, 042110 (2021)



Scaling of tQSS with a/d and N

• tQSS decreases with a/d:

• tQSS increases with N and d:

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 103, 042110 (2021)

𝑈 = 0.69
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Scaling of tQSS with Uc-U

𝛼 = 0,𝑁 = 30000, 𝑀(0)~0

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)



Scaling of tQSS with Uc-U

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and d:

/

𝛼/𝑑 = 0.9, 𝑁 = 262144

𝑇scaled=
𝑇−𝑇QSS

𝑇BG−𝑇QSS



Scaling of tQSS with Uc-U and N

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and d:

𝛼/𝑑 = 0.9, 𝑁 = 262144



Scaling of tQSS with Uc-U and N

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and d:

𝛼/𝑑 = 0.9, 𝑁 = 531444



Scaling of tQSS with Uc-U and N

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and d:

𝛼/𝑑 = 0.9, 𝑁 = 117649



Scaling of tQSS with Uc-U and N

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and N:

𝛼/𝑑 = 0.9 𝜖 =
𝑈𝑐 − 𝑈

𝑈𝑐 − 0.69



Scaling of tQSS with Uc-U and a/d

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and d:

𝛼/𝑑 = 0.9, 𝑁 = 46656



Scaling of tQSS with Uc-U and a/d

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and d:

𝛼/𝑑 = 0.8, 𝑁 = 46656



Scaling of tQSS with Uc-U and a/d

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and d:

𝛼/𝑑 = 0.7, 𝑁 = 46656



Scaling of tQSS with Uc-U and a/d

𝑁 = 46656

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and a/d:



Scaling of tQSS with Uc-U, N and a/d

A. Rodríguez, F. D. Nobre & C. Tsallis, PRE 104, 014144 (2021)

• tQSS increases with Uc-U and a/d:

• tQSS increases with Uc-U and N:
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Anomalous diffusion

𝜎𝜃
2 =
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𝑁
 

𝑖=1

𝑁

(𝜃𝑖 𝑡 − 𝜃𝑖 0 )2

tQSS tc



Anomalous diffusion

𝑞 > 1

𝑞 = 1




