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Prologue
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Everything started with the publication of this paper with Vito Latora and Stefano Ruffo



The Hamiltonian Mean Field Model 

Antoni and Ruffo  PRE 52 (1995) 2361

•The system has an infinite range force 

•It is a useful paradigmatic  model to study Hamiltonian  long-
range interacting (nonextensive) systems  as for example    
astrophysical  systems,  but  also fragmenting nuclei and  
atomic  clusters
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The Hamiltonian Mean Field Model 

The model can be seen as   N  classical interacting spins or particles moving on the unit circle. One can define  the total 
magnetization    M   as an  order parameter                                         
                                       where the single spin is 

The model shows a second-order phase transition, passing from a clustered phase 
to a homogeneous one as a function of energy

M=1 clustered phase 
for U<Uc

M=0 homogeneous   
phase for U>Uc
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The Hamiltonian Mean Field Model 

The model  has a second order phase transition.  
The critical point is at

Close to the critical point

Hence M vanishes with the classical critical mean field exponent 1/2

Close to the critical point one gets  for

On the other hand, the specific heat                                          is

and

and for

with

� � �c

CV =
�U

�T

     Critical behavior of the model 
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The Hamiltonian Mean Field Model 

Good agreement between the exact canonical solution and numerical  
microcanonical simulations at equilibrium for various sizes N of the system

Latora, Rapisarda and Ruffo  PRL  80 (1998) 692,     
                                                        Physica D 131 (1999) 38

Comparison with numerical simulations at equilibrium
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The Hamiltonian Mean Field Model 

Latora, Rapisarda and Ruffo  
Physica D 131 (1999) 38

One finds a maximum of the 
Largest  Lyapunov  Exponent 
in  correspondence  of  the 
c r i t i ca l  po int ,  where 
fluctuations in kinetic energy 
and the specific heat have also 
a peak!
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The Hamiltonian Mean Field Model 
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The HMF model can have also an antiferromagnetic behavior if one considers

The general canonical solution  for               is 

         Antiferromagnetic behavior  of  HMF
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The Hamiltonian Mean Field Model 
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One has a different behavior of the Largest Lyapunov exponent and the 
KS entropy in the ferromagnetic and  antiferromagnetic case



The Hamiltonian Mean Field Model 
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In the thermodynamic limit,  the LLE       goes to zero for the whole energy range in the 
antiferromagnetic  case,  while  it  remains  finite,  for  energies  smaller  than  the  critical  one 
(Uc=0.75), in the ferromagnetic one. In the latter case it goes to zero for overcritical energies as 

�1 = constant �1 ⇠ N�1/3

�1

   LLE in the  thermodynamical limit  



The HMF model shows very interesting features also … in the out-of-equilibrium  regime
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  When the system is started with initial conditions very  far from  equilibrium….. 

  …… one observes many dynamical  anomalies, in particular  in an  energy  range below the critical point.

Negative specific heat

QSS regime

Equilibrium

Long living Quasi-Stationary States 



The Generalised Hamiltonian Mean Field Model 
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  In 1998 the HMF model was generalised 
by Celia Anteneodo and Constantino   
to study the dynamic and thermodynamic 
behavior  as a   function of the range   of   
the   interaction 

•Anteneodo and Tsallis,  PRL 80 (1998) 5313 
•Campa, Giansanti and Moroni, PRE 62 (2000) 303 
•Tamarit and Anteneodo,  PRL 84 (2000) 208 
•Campa, Giansanti and Moroni, J. Phys. A 36 (2003)  6897

α-XY model 

For                                     this generalized  model  reduces to HMF. 

For                                  one has interaction only among nearest  neighbour spins.��⇥

� � d

i           j
rij 

spins are put on a lattice 
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The Hamiltonian Mean Field Model… out of equilibrium

This scaling can be obtained  considering that

   Latora, Rapisarda, Tsallis    Physica A 305 (2002) 129

In the QSS regime the largest 
Lyapunov exponent   tends to zero 
as the size of the system tends to 
infinity

Normal diffusion

Anomalous diffusion

In general one has for 
t h e m e a n s q u a r e 
displacement

In our case we get 
superdiffusion with an 
exponent   α=1.38 in 
correspondence of the  
QSS regime.

In the QSS regime the system shows superdiffusion

Latora, Rapisarda, Ruffo, PRL 83 (1999) 2104
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In 1998 Celia and Constantino generalized the HMF 
model, so Vito Latora and me tried to contact 
Constantino

In the summertime of 1998  Vito met Constantino in 
Paris during the Statphys20 conference.

Then, in the fall,  we met in Boston all together 
during  a workshop organized by Michel Baranger 
for the New England Complex Systems Institute.  

In a paper published in 1999 in the journal of 
Brazilian Journal of Physics,  Constantino advanced 
the conjecture that q-statistics could explain the 
anomalies found in the  HMF  out-of-equilibrium 
regine, so we started to work together on this 
problem. 

How it started… 
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First International workshop "HMF meeting", Catania (Italy), september 2000.



First paper with Constantino on the Hamiltonian Mean Field Model and q-statistics in 2001  

16 Tsallis and Buckman PRE 54  (1996) R2197

The decay of the  velocity correlation function 
can be reproduced very well by means of the 
generalized q-exponential 

In our case  x=-t/τ .  Within a generalized 
Fokker-Plank equation which generates 
Tsallis q-exponential pdfs [1], one can extract 
the following relation between the exponent        
of the anomalous diffusion and q 

  

In our case       =1.38-1.4, thus we expect 
q=1.55-1.6, which is confirmed by the fit in the 
figure for M1IC. On the other hand, for M0IC 
the decay is almost exponential.



Not only HMF… q-statistics and the logistic map 
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In collaboration with Michel Baranger



Series of Next  Conferences  
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International Conference NEXT2001, "Non extensive Thermodynamics and physical 
applications", Villasimius, Cagliari (Italy), may 2001.



Series of Next  Conferences  
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International Conference NEXT2001, "Non extensive Thermodynamics and physical applications", 
Villasimius, Cagliari (Italy), may 2001.



Series of Next  Conferences  
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International Conference NEXT2003, "News and Expectations in Thermostatistics", 
Villasimius, Cagliari (Italy), 22-28 september 2003.



Catania October 2003
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Conference for Constantino’s 60th birthday - Rio de Janeiro, november 2003 
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The beginning of the School on Complexity  in Erice,  july 2004



The beginning of the School on Complexity  in Erice,  july 2004
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Glassy behavior  and confirmation of  

q-statistics  predictions - december 2005



Workshop organized by Sumiyoshi Abe in Kyoto, Japan -  march  2005 
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Crete,   august 2005 
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Dancing sirtaki with Giorgio Parisi 



Conference for Alberto Robledo’s 60th birthday,  Tepoztlan, Mexico 2005 
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How continued… Durham(UK) - July 2006 
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This was a  very important 
workshop for the many 
papers that originated after 
the discussions  of some  
talks on the Central Limit 
Theorem  at the edge of 
chaos



ICTP  - Trieste  august 2006 
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How continued - Rio November  2006 
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How continued - Catania  Next 2007 and Statphys23 in Genoa 

32



How continued  - Central limit behavior for HMF  - EPL 2007 
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Linear scaleThe  q-Gaussian  curve  is 
able to reproduce well not 
only the tail,  but also the 
central part of the PDF

Inequivalence between ensemble average and time average 
for N=100000

We investigated   the  behavior  of  PDFs  obtained 
considering  time  averages  of  the   variables  y  so 
defined (along deterministic trajectories in the QSS 
regime)

where    pj   are  the  velocities  of  the  j-th  rotor 
taken at fixed intervals of time     along the same 
trajectory

yi =
1�
n

n�

i

pj(i�) j = 1, 2, ...N

How continued  - Central limit behavior for HMF  - EPL 2007 
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How continued  - Central limit behavior for HMF  - 2008 

Importance of the initial conditions



 Iguaçu Next Conference  in  2008 
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  Econophysics Colloquium  2009 - Erice, Sicily
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 In Rio for a long visit  - february 2012   
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Wuhan and Peking,  October   2012   
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70th birthday of Constantino - Rio  2013 - 
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Santa Fe Institute  - may  2014
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Erice International School of Complexity 2015
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Alberto Robledo’s 70th birthday - Mexico City  2015
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Econophysics colloquium - ICTP San Paolo - july   2016

44



At Complexity Science Hub Vienna 
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2018

2022



Erice International School on Complexity 2019
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Commemorating M. Gell-Mann



Erice International School on Complexity 2022
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Teaching in Catania - september 2022
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Econophysics Colloquium  - Lipari, Sicily - august 2023 
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Our most recent co-authored  paper  
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• 15 coauthored papers 

• several  international conferences/schools 
organized together 

• infinite number of interesting discussions, not 
only about physics ! 

• plenty  of wonderful moments around the world   

Many thanks Constantino for your friendship  

It has been a great privilege and honor to have met you  
and shared so many wonderful moments with you 

Summarising these last 25 years
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Happy   Birthday  

Constantino  

Best  wishes  for   your  

first  80  years!! 


