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Fractal Derivatives
Haussdorff Geometry: K. Falconer: Fractal Geometry: Mathematical Foundations and Applications

δ-measure - Hαδ (F) = inf
{∑∞

i=1 |Ui |α : {Ui}is a cover of F
}

Haussdorff measure - Hα(F) = limδ→0Hαδ (F)

If F is a Borel set in Rα ⇒ Hα(F) = c−1
α volα(F)

Mass distribution γαF (a, b) = Hα([a, b]) if 0 < Hα <∞
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Fractal Derivatives
Haussdorff Geometry:

δ-measure - Hαδ (F) = inf
{∑∞

i=1 |Ui |α : {Ui}is a cover of F
}

Haussdorff measure - Hα(F) = limδ→0Hαδ (F)

If F is a Borel set in Rα ⇒ Hα(F) = c−1
α volα(F)

Mass distribution γαF (a, b) = Hα([a, b]) if 0 < Hα <∞

Staircase function SαF,a(x) =

{
γαF (a, x) if x > a

−γαF (x , a) if x < a

FractalDerivative

Dα
F,af (xo) =

{
F limx→xo

f (x)−f (xo )
Sα
F,ao

(x)−Sα
F,ao

(xo )
x , xo ∈ F

0 otherwise

Parvate & Gangal, Fractals 17 (2009) 53
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f (x)−f (xo )
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F,ao
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F,ao

(xo )
x , xo ∈ F
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Dα
F,ϕf (xo) =

{
F limx→xo

SαF,ϕ(fx )−SαF,ϕ(fxo )

x−xo
fx , fxo ∈ F

0 otherwise

Parvate & Gangal, Fractals 17 (2009) 53

AD, E. Meǵıas & R. Pasechnik, Entropy 25 (2023) 1008
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Continuous Approximations and
Fractional DerivativesContinuous Approximation:

dSαF ,ϕ(x) = SαF ,ϕ(x + dx)− SαF ,ϕ(x)

dSαF ,ϕ(x) is the volume of the ball at x + dx .

dSαF ,ϕ(x) =

{
A(α)xα−1dx if x , x + dx ∈ F
0 otherwise

.
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Continuous Approximations and
Fractional DerivativesContinuous Approximation:

dSαF ,ϕ(x) = SαF ,ϕ(x + dx)− SαF ,ϕ(x)

dSαF ,ϕ(x) is the volume of the ball at x + dx .

dSαF ,ϕ(x) =

{
A(α)xα−1dx if x , x + dx ∈ F
0 otherwise

.

Fractal Derivatives

In domain space In image space

Dconf f (x) = x1−α df
dx

(x) Dqf (x) = f 1−q df
dx

(x) , α = 2 − q

DC f (x) =
∫ x
xo

(x − t)1−α df
dt

(t)dt DCl f (x) =
∫ x
xo

[f (x) − f (t)]1−q df
dt
dt

AD, E. Meǵıas & R. Pasechnik, Entropy 25 (2023) 1008 and arXiv:2305.04633
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Dynamics in the fractal medium

Fokker-Planck Equation
∂f
∂t −

∂
∂pi

[
Ai f +

∂(Bij f )
∂pj

]
= 0

f (p, t) = exp
[
− (p−pM (t))2

2σ(t)2

]
Plastino-Plastino Equation:

∂f
∂t −

∂
∂pi

[
Ai f +

∂(Bij f
2−q)

∂pj

]
= 0

f (p, t) = expq

[
− (p−pM (t))2

2σq(t)2

]
Thermofractal → Tsallis Statistics AD PRD 2016

Yang-Mills fields → Thermofractals AD, E. Megias, D.P. Menezes PRD 2020

1
q−1 = 11

3 Nc + 4
3
Nf

2

q = 8/7 = 1.14 if (Nc ,Nf ) = (3, 6)
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Experimental result: q = 1.14± 0.01
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3 Nc + 4
3
Nf

2
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q = 10/9 = 1.11

Walton, Rafelski PRL 2000

Experimental result: q = 1.14± 0.01
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[Dζ
F ′,t ]h(p, t) = [Dζ

F ,po,i
]
(
Aih(p, t) + [Dζ

F ,p0,j
](Bijh(p, t))

)
f (p, t) = (λα)d

(
√

2σF (t))d/αΓ[ 1
2α ]d

exp
(
− (pα−pαM (t))2

2σF (t)2

) E. Megias, A. Golmankhaneh and A.D. in

arxiv: 2309.13627

σ∞ ∝ N1/2 σq;∞ ∝ N1/[2−d(q−1)] σF ;∞ ∝ N1/(2−δdf )

N =
∫
dd f (p, t)
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The emerging Science of Cities:
F Xu et al. Research Square 2021
L. Bettencourt Science
FL Ribeiro, D Rybski, Phys. Rep. 2023
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Conclusion

Many links between Tsallis Statistics and Fractal Geometry

Unveiled fractal aspects of QGP

Entropic parameter related to QFT parameters

Perspectives for application in other areas: City Dynamics.

See you in Tsallis’ 90 !
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